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A new approach to the existence of invariant measures 
for Markovian semigroups 

Lucian Beznea0, lulian CimpeaEl^, and Michael RockneiEI 


Abstract. We give a new, two-step approach to prove existence of hnite invariant mea¬ 
sures for a given Markovian semigroup. First, we identify a convenient auxiliary measure 
and then we prove conditions equivalent to the existence of an invariant hnite measure 
which is absolutely continuous with respect to it. As applications, we give a short proof 
for the result of Lasota and Szarek on invariant measures and we obtain a unifying gen¬ 
eralization of different versions for Harris’ ergodic theorem which provides an answer to 
an open question of Tweedie. We show that for a nonlinear SPDE on a Gelfand triple, 
the strict coercivity condition is sufficient to guarantee the existence of a unique invariant 
probability measure for the associated semigroup, once it satishes a Harnack type inequal¬ 
ity. A corollary of the main result shows that any uniformly bounded semigroup on 
possesses an invariant measures and we give some applications to sectorial perturbations 
of Dirichlet forms. 
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1 Introduction 

The invariant measure is a key concept in ergodic theory. In this paper we deal with 
the question of existence of hnite invariant measures for Markovian semigroups. This 
problem has been studied by many authors over the last decades, from various points of 
view; see e.g. the monographs [MeTw 93a] . [DaZa 96] , and the references therein. 

If the underlying space G is a Polish space, the semigroup is given by the transition 
probabilities of a Markov process and is Feller (i.e., it maps the space of bounded con¬ 
tinuous real-valued functions on E into itself), then one can obtain the existence of an 
invariant measure by applying the result of [LaSz 06j . provided that there is a compact 
subset of E which is inhnitely often visited by the process. Although these hypotheses 

^Simion Stoilow Institute of Mathematics of the Romanian Academy, Research unit No. 2, P.O. 
Box 1-764, RO-014700 Bucharest, Romania, and University of Bucharest, Faculty of Mathematics and 
Computer Science (e-mail: lucian.beznea@imar.ro) 

^Simion Stoilow Institute of Mathematics of the Romanian Academy, Research unit No. 2, P.O. Box 
1-764, RO-014700 Bucharest, Romania, (e-mail: iulian.cimpean@imar.ro) 

^Fakultat fiir Mathematik, Universitat Bielefeld, Postfach 100 131, D-33501 Bielefeld, Germany, (e- 
mail: roeckner@mathematik.uni-bielefeld.de) 


1 









are verified in many examples, sometimes they are quite difficult or even impossible to 
check, especially if the state space is of inhnite dimensions. Another technique to obtain 
invariant measures is to make use of Harris’ theorem and its rehned versions, cf. e.g. 
|MeTw 9^ . |MeTw 9^ . |MeTw 9^ . |MeTw 9M] . |DoFoGu 09] . and |Ha 10] . In con¬ 
trast to the previously mentioned, these results involve non-topological assumptions such 
as the existence of small sets (in the sense which will be made precise in Subsection 3.2 
below) that are inhnitely often visited. This kind of test sets are encountered, provided 
the associated process is irreducible; see |MeTw 93a] . Theorem 5.2.2. Invariant measures 
have also been investigated from an analytic perspective, as in [BoRoZh 00] and |Hi 00] . 
by working with strongly continuous Markovian semigroups on L^, 1 < p < oo. Examples 
of this situation arise by considering sectorial perturbations of Dirichlet forms satisfying 
some functional inequalities (see Subsection 3.3 below). 

The purpose of this paper is to give a new approach to the existence of invariant mea¬ 
sures for Markovian semigroups, consisting of two steps. First, we construct a convenient 
auxiliarymeasuYe m (see Proposition 12.101) and then we give conditions on the pair (P^, m) 
which characterize the existence of a non-zero integrable co-excessive function for {Pt)t>o, 
regarded as a semigroup on which is equivalent to the existence of an invariant 

measure for {Pt)t>o, which is absolutely continuous with respect to m (see Theorem 12.41 
below and also Theorems 12.81 1?^ as its useful variants). Therefore, we call the procedure 
proposed above the two-step approach] see Subsection 2.2. We point out that our main 
results are entirely measure theoretic and also do not involve irreducibility properties of 
the semigroup. 

Several applications are considered: In Subsection 3.1, although not in its full gen¬ 
erality, we give a short proof of the well known result of Lasota and Szarek [LaSz 06] . 
Here, the two-step approach gives an additional beneht because it implies the absolute 
continuity of the obtained invariant measure with respect to the auxiliary measure. 

In Subsection 3.2 we unify various versions of Harris’ ergodic theorem to a more general 
one; see Theorem 13.91 which contains all of these as special cases. As a byproduct, in 
Corollarv |3.11| we give an answer to an open question mentioned bv Tweedie jTw M- 

In Subsection 3.3 we show that for a nonlinear SPDE on a Gelfand triple V <Z H C. V*, 
under a Wang’s Harnack type inequality, the strict coercivity condition with respect to 
the P-norm is sufficient to guarantee the existence of a unique invariant probability 
measure for the solution; see Proposition 13.131 This result improves the ones from [Li 09] 
and |Wa 13] where the embedding V G H must be compact and the strict coercivity is 
considered with respect to the stronger H-norm. We also consider a perturbation of a 
Markov kernel satisfying a combined Harnack-Lyapunov condition, for which the result of 
Tweedie (Theorem [33] below) can not be used, but for which our two-step approach works 
easily. We also discuss the applicability of Harris’ result to this kind of perturbation. The 
last part of this subsection was written taking into account a kind remark of Martin 
Hairer, which lead to the statement of Proposition 13.171 

In Subsection 3.4 we study the case of uniformly bounded Go-semigroups on P, p > 1. 
Implementing our two-step approach we obtain new applications for semigroups coming 
from small perturbations of Dirichlet forms, generalizing [BoRoZh 00] and [Hi 98] . 
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2 Existence of invariant measures 


2.1 Preliminaries 

Throughout, {E, B) is a measurable space and m a hnite positive measure on it. Let 
LP{m), 1 < p < cxD be the standard Lebesgue spaces and || ■ ||p the associated norms. 

We denote by L^{m) the space of positive elements from U‘{m). A linear operator T 
on U’{m) is called positivity preserving if T(L!J.(m)) C L^(?n). Note that (as in |JaSc 06j . 
Lemma 1.2), any positivity preserving operator on L^(m), 1 < p < cxo is automatically 
bounded. T is called sub-Markovian (resp. Markovian) if it is positivity preserving and 
T1 < 1 (resp. T1 = 1). If T is a sub-Markovian operator on U‘{m) for some p > 1, 
then T extends to a sub-Markovian operator on U'{m) for all p < r < cxd; see [Ja Sch 
06]. Moreover, if {E, B) is a Lusin measurable space then T is given by a sub-Markovian 
kernel on {E,B)-, cf. e.g. |BeBo 04] . Lemma A.1.9. 

We recall that a transition function on (i?, B) is a family {Pt)t>o of sub-Markovian 
kernels on (i?, B) such that Pt{Psf) = Ps+tf for all positive S-measurable functions / 
and all s,f G M+. The transition function {Pt)t>o is called Markovian provided that for 
all t (or for only one f > 0) the kernel Pt is Markovian. The transition function {Pt)t>o 
is called measurable if the function {t,x) i—)■ Ptf{x) is S([0,oo)) ® S-measurable for all 
positive ;B-measurable functions /. 

Hereinafter, {Pt)t>o and m are satisfying either 

(Ai) (Pt)t>o is a strongly continuous semigroup of Markovian operators on LP{m) for 
some p > 1, 

or 

(A 2 ) {Pt)t>o is a measurable Markovian transition function on [E, B) such that m{f) = 
0 ^ m{Ptf) = 0 for all f > 0 and all positive H-measurable functions /. In this case, we 
say that m in an auxiliary measure for {Pt)t>o- 

Our goal is to investigate the existence of a nonzero invariant measure u for {Pt)t>o, 
i.e. a nonzero hnite positive measure u on {E, B) such that J Ptfdv = f fdu for all f > 0 
and all bounded H-measurable functions /. 

As a matter of fact, the class of invariant measures to be studied consists of absolutely 
continuous measures with respect to the hxed measure m, whose densities are invariant 
functions for the dual semigroup. Inspired by well known ergodic properties for semigroups 
and resolvents (see for example |BeCiRo 15] ). our main idea in order to produce co¬ 
invariant functions is to apply some compactness results in L^(m), not for {Pt)t>o but for 
its adjoint semigroup. However, if {Pt)t>o satishes (Ai) or (A 2 ), it is not obvious that its 
adjoint semigroup may be regarded as a semigroup acting on L^{m). Apparently, another 
difficulty when {Pt)t>o satishes (A 2 ) is the lack of Bochner integrability of its adjoint, on 
(L°°(m))*. All these issues are clarihed by the following result, whose proof is presented 
in Appendix. 

Lemma 2.1. i) Assume that {Pt)t>o satisfies (Ai) forp > 1. Then the adjoint semigroup 
(Pf)t>o on LP' (m), -H— = 1, may be regarded as a Co-semigroup of positivity preserving 

p p' 

operators on L^{m). 
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ii) Assume that {Pt)t>o satisfies either (A 2 ) or (Ai) for p = 1. Then the adjoint 
semigroup {Pf)t>o on {L°°{m))* may he regarded as a semigroup of positivity preserving 
operators acting on L^{m), and there exists C L\{m) with the following properties: 

11.1) Pgfds) = m{fpt) for all t > 0 and f E L°°{m). 

11.2) Pfifs = Tt+s — Ts for all s,t > 0 

11.3) ||-(95i+s - Ts)\\l^ —^ 0 for all t>0. 

S s —^00 

Remark 2.2. If {Pt)t>o satisfies (Ai) for p > 1, then by Lemma\2J\ i), the Bochner 
integrals fit '■= Jq Pf^ds are well defined in L^{m) for all t > 0, and {fit)t>o satisfies 
ii.l) - ii.3). On the other hand, if {Pt)t>o is either as in (A 2 ) or as in (Ai) for p = 1, 
then t ^ Pfl may no longer be integrable on compact intervals. From this point of view, 
{Tt)t>o in Lemma \2A[ ii) should be regarded as a substitute for Pflds)t>o. 

Recall that if {Pt)t>o is a measurable Markovian transition function on {E, B) (or 
satisfies (Ai)), then the corresponding resolvent {Ra)a>a is dehned by 

poo 

Raf{x) = / e~°‘^Ptf{x)dt 
Jo 

for all bounded S-measurable functions /, (m-a.e.) x E E, and a > 0. 

The following known result shows that the problem of existence of invariant measures 
for a semigroup of operators may be stated in terms of a single operator. 

Proposition 2.3. The following assertions hold for a measurable Markovian transition 
function {Pt)t>o on {E,B). 

i) The measure m is invariant for {Pt)t>o if and only ifmoaRa = rn for some (hence 
for all) a > 0. 

ii) {Pt)t>o possesses an invariant measure if and only if there exists R > 0 such that 
Pto possesses an invariant measure. 

Proof, i). Clearly, if m is (Pi)t>o-invariant then m o aRa = rn for all a > 0, by the 
dehnition of the resolvent. Conversely, if m o aRa = m, because RaPtf — Raf = 
aRaif^ Pgfds) — Jq Psfds for all bounded and P-measurable functions /, it follows that 
m is (Pi)t>o-invariant. 

ii). If m is Ptp-invariant, then one can easily check that A m o Pgds is {Pt)t>o- 
invariant. □ 

2.2 The main results 

Let {Pt)t>o and m be as in (Ai) or (A2). For a sequence (tfijn 00 we dehne the 
index c{{Pt)t,m, by 


1 

c((Pt)i,m, := lim sup sup — / m{PglA) ds. 

e\0 AeB n tn Jo 

m(A)<e 
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Note that c{{Pt)um, {tn)n) = 0 if and only if either P*lds)n>i or (^v^t„)n>i 

(according to which of the assumptions (Ai) or {A 2 ) is satished) is uniformly integrable, 
or equivalently, by Dunfurd-Pettis theorem, it is weakly relatively compact in L^{m). 
From this point of view, c{{Pt)t,m, (tn)n) can be regarded as a measurement for the non- 

It 1 

uniformly integrability of (— P*lds)n>i, resp. (— (ptn)n>i in L^{m). On the other 

tn tn 

hand, c{{Pt)t-,m, {tn)n) can also be interpreted as an index of non-uniformly absolute 

continuity of the Krylov-Bogoliubov measures (— Jq" m o Pgds)n with respect to m. 

tn 

We say that a positive hnite measure m is almost invariant for {Pt)t>o if (^ 1 ) or (^ 2 ) 
are satisfied w.r.t. m and there exist 6 G [0,1) and a set function 0 : —)■ M_|_ which is 
absolutely continuous with respect to m (i.e. lim 0(A) = 0) such that 

m(A)—>-0 

(2.1) m{PtlA) < Sm{E) + (j){A) for all f > 0. 

Analogously, m is said to be mean almost invariant (w.r.t. (tn)n 00 ) if there exist 6 
and 0 as above such that 

(2.2) — f m{Pt{lA))dt < 6m{E) + (j){A) for all n. 

tn Jo 

Clearly, for a positive hnite measure we have the following implications between the above 
three properties: 

invariant ^ almost invariant ^ mean almost invariant 
We are now in the position to present our main result. 

Theorem 2.4. Assume that {Pt)t>o ond m are as in (Ai) or (A 2 ). The following asser¬ 
tions are equivalent. 

i) There exists a nonzero positive finite invariant measure for {Pt)t>o which is abso¬ 
lutely continuous with respect to m. 

a) m is almost invariant. 

Hi) m is mean almost invariant with respect to every (tn)n 00 . 

iv) For all sequences (tn)n 00 it holds that 

(2.3) c{{Pt)t,m, {tn)n) < m{E). 

v) There exists a sequence (tn)n of positive real numbers increasing to infinity for which 
condition (2.3) is satisfied. 

Proof, i) ^ ii). Let 0 < p G L^{m) such that the measure p ■ m is nonzero and {Pt)t>o- 
invariant. Set 7 := m((l — p)~^)m{E)~^ and note that since p-m is nonzero it follows that 
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7 G [0,1). Also, let c > 0 be such that m(pl[p>c]) < — - — m{E). Then, for A G S and 

t > 0 we have that m(Ptlyi) = m{pPtlA) +m{{l — p)PtlA) = +m((l — p)PAa) < 

m{plAn[p<c]) + m{plAn[p>c]) + - p)+PtlA) < cm{A) + m(pl[p>c]) + m((l - p)+) < 


cm{A) + 


7 


m{E) + 7 m(P) = cm{A) 


1 + 7 


m{E). Therefore, we obtained that m is 


almost invariant with 0(A) = cm{A) and S = —-—. 

The implications ii) =7 iii) and iv) =7 v) are clear. 

hi) =7 iv). Let (tn)n ^ oo, 5 G [0,1), and a function 0 : P —)■ M+ which is absolutely 
continuous with respect to m such that (2.2) holds. Then 


c{{Pt)t, m, {tn)n) < lim sup {6m{E) + 0(A))) = 6m{E) < m{E). 

agb 

7n{A)<e 


Therefore, iv) is satished. 
v) =7 i). Assume (Ai) 

1 1 
Jq" P*lds. Then (/„)„ C L^{m) and is L^-bounded since J fndm = — Jq" / Pgldnids = 


Let {P*)t>o be as in Lemma 12.11 i) and dehne /„ := 

1 

tr. 


m{E). 

By Chacon’s Biting lemma (see Appendix, A.2), there exist a subsequence {fnk)n>i, 
f G L^(m), and a decreasing sequence of ’’bits” (Pr)r>i + such that m(Pj,) —tO and 

r 

for all r > 1 the sequence is weakly convergent to 1 b=/. On the other hand, 

by Komlos lemma (see Appendix, A.3), there exists a subsequence {gk)k>i of {fnk)n>i 


such that 


Qi + ■ ■ ■ + Qk . 


k 


is m-a.e. convergent to some g G L^{m). 


Without loss, we may assume that converges m-a.e. to g. One 

k 

can easily check that g = f m-a.e.; see for example [F199], Proposition 3. 

We claim that P^ f < f m-a.e. for al t > 0. To see this, hrst note that 







P* Idrdm = 


Prldmdr = tm{E) = 



P* Idrdm, 


hence 


(hi)i>l . ( 




f-tru+t 

P;‘ldr)i>i and {gi)i>i := (— 

^n.A 


P;idr) 


i>l 


rii JO 


are both convergent to 0 in L}{m). By passing to a subsequence, without loss of generality 
we may assume that and {gi)i>i converge to 0 m-a.e. Then 

Pt f = Pt (lip Sk) = Pt (sup inf Sk) = sup P;( inf Sk) 

k j\[ k>N jY k>N 


- ^ = lim inf i ^ ^ / Pt+s^ds 

N k>N k k K Jq 

1 P ^ Ptrn Pru+t pt 

= lim^inf - ^ — ( / P*lds + / P*lds — / Ppds) = lim sa, = / m — a.e.. 

P'i ^0 
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li we set u = f -m then f Ptgdu = f gP^ fdm < f gdu, hence u is snb-invariant. Since 
Ffl = 1, t > 0, it follows that u is invariant. However, we still have to check that u is 
non-zero. Indeed, by [FI 99j we have that 


lim lim sup 

^ k 



inf sup sup / fnkdm 

m{A)<e k JA 


< inf sup sup 

m{A)<£ n 



c{{Pt)t,m, {tn)n) < m{E). 


Therefore, zz(F) = J fdm = sup fdm = lim lim 


= lim lim inf ( 

r k 


fnkdm - 




nk 


dm) > m{E) — lim lim sup 

^ k 


Br 


Ukdm > 0 . 


Finally, if {Pt)t>^o is as in (A 2 ), then the proof follows the same lines as above once we 
replace P*lds)t>o by {'^t)t>o given by Lemma I^TTl ii); see also Remark UPA □ 


Remark 2.5. i) We emphasize that the Markov property was essentially used to conlclude 
that the non-zero sub-invariant measure f ■ m constructed in the proof of Theorem \2.4\ v) 

i) , is in fact invariant. However, it can he easily checked that if {Pt)t is sub-Markovian, 
then the condition c{{Pt)t, m, {tn)n) < lim inf A m{Psl)ds is sufficient for the existence 
of a non-zero sub-invariant finite measure p ■ m. 

ii) We would like to point out that although inequality (2.3) looks like a contraction 
assumption once we normalize the measure m such that m{E) = 1, a Banach fixed point 


type argument is rather inapplicable since B 3 A sup 

n 



m(Pslyi) ds is not a 


measure. 


Corollary 2.6. The following assertions are equivalent for a measurable Markovian tran¬ 
sition function {Pt)t> 0 - 

i) There exists a nonzero finite invariant measure. 

ii) There exists a nonzero almost invariant measure. 

Proof. The implication i) ii) is immediate and the converse follows by Theorem 12.41 □ 

The next result reveals that under (Hi) or (H 2 ), if m satishes a sub-invariance property 
w.r.t. {Pt)t>o only on a subset of E of strictly positive measure then the existence of an 
invariant measure is ensured by Theorem 12.41 

Corollary 2.7. Assume that {Pt)t>o o^'i^d m are as in (Hi) or (H 2 ), and there exists A & B, 
m{A) > 0, such that 


m^lAPAs) < m{B) for allt>0 and B E B. 

Then m is almost invariant. 

Proof. Let A E B and £ > 0 such that m(H) > e. Then m(PH_B) < m{B)-\-m{lE\APAB) < 
m{B)m{lE\A) ^ m{B)-\-m{E) — e. □ 
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Some versions of Theorem l2.4[ In the end of this subsection we would like to formulate 
two versions of Theorem 12.41 one in terms of resolvents and the other one involving a single 
operator P. Their proofs are essentially the same as the one given for the main result, the 
only differences being that the semigroup property and the integrals are replaced either 
by the resolvent identity or by the Cesaro means of the powers and for this reason 

we omit them. 

First, for (q!„)„ \ 0, define 

c{{Ra)a>o,m,{an)n) := hm sup supm(a„/2«^lyi). 

A^B n 
m{A)<e 

Also, m is said resolvent almost invariant if m{aRa'\-A) ^ 0(^) + Sm{E) for all A G S 
and a > 0, where 0 : S ^ [0, cx)) is absolutely continuous w.r.t m in the sense made 
precise in the beginning of Subsection 2.2, and 6 G [0,1). 

With Remark 12.31 i) in mind, we have: 

Theorem 2.8. Let m be a finite positive measure on {E, B) such that {Pt)t>o satisfies 
(A 2 ) w.r.t. m. The following assertions are equivalent. 

i) There exists a non-zero finite {Pt)t>o-invariant measure which is absolutely contin¬ 
uous w.r.t. m. 

ii) The measure m is resolvent almost invariant. 

Hi) There exists (a;„) \ 0 such that 

c{{Ra)a,m, {an)n) < m{E). 

We turn now to the case of a single operator. Analogously to conditions Ai and 
A 2 , for an operator P we shall assume that it is either a Markovian operator on LP{m), 
1 < p < CX3, or a Markovian kernel which respects the m-classes, that is the measure 
moP is absolutely continuous with respect to m. Also, we say that m is almost invariant, 
resp. mean almost invariant for the operator P if m{P'^{A)) < 4>{A) + Sm{E), resp. 
m(S'nlyi) < 4>{A) + 6m{E) for all n greater than some rio, where 0 and 5 are as for 
relation (2.1), and the operators S'„ are given by 



The index c is defined by c(P, m) := lim sup supm(S'„lA). 

a&B n>l 
m(A)<£ 

Now, Theorem 12.41 stated for a single operator P reads: 

Theorem 2.9. The following assertions are equivalent. 

i) There exists a non-zero finite invariant measure for P which is absolutely continuous 
with respect to m 

ii) The measure m is almost invariant for P. 

Hi) The measure m is mean almost invariant for P. 
iv) c{P,m) < m{E). 
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2.3 Construction of auxiliary measures 


Throughout, {Pt)t>o is a measurable Markovian transition function on {E,B). Going 
back to assumption (^ 42 ) it is clear that when we want to apply Theorem 12.41 to {Pt)t>o, 
the first step is to look for an auxiliary measure on {E,B), i.e. a measure with respect 
to which {Pt)t>o respects classes. As in |BeBo 04] or |RoTr 07] . it turns out that the 
resolvent provides a natural way to construct such measures, as follows. 

Proposition 2.10. Let ^ be a probability measure on {E,B) and for any fixed a > 0 
define the finite positive measure m by 


(2.4) 


Mf) = Raf = / Rafdfi 


for all positive and B-measurable functions f. Then m is an auxiliary measure for {Pt)t>o- 
Proof. If A G B such that m{A) = 0 then = j^Ra{Pfi.A)dp. = — 

Jq e~°‘^PslAds)dn) < RofiAdp. = e°‘^m{A) = 0. □ 

Remark 2.11. i) If E is a separable metric space and \im. Ptg{y) = g{y) for any bounded 
continuous function g on E, y E E, we get additional information about some particular 
measures constructed by Proposition \2.1(A namely topological full support. More precisely, 

00 

if {,Xn)n>i is a dense subset in E, then the measure m = /i o where pi = Yh — 

n=i 2 " 

has full support for all a > 0. Moreover, one can associate a generalized Dirichlet form 
on E^ijn) such that the associated semigroup is an m - version of Pt)t>o- For these 
results we refer to IRoTr Oi l, Lemma 2.3 and Theorem 3.2. As we shall see later, the 
problem of existence of invariant measures can be approached in terms of sectorial forms 
via functional inegualities. 

a) When we deal with a single Markovian kernel P and p. is a probability measure on 
{E,B), then one has a similar construction for an auxiliary measure for P, by setting 

00 

m := a o R, where R is the resolvent kernel R := Y --P"". 

^ n=0 

If we consider transition functions satisfying (A 2 ) with respect to a measure given by 
(2.4), then we have the following sufficient condition for (2.3). 

Theorem 2.12. Let p be a probability measure on {E,B). 
i) If there exists (tn)n Y 00 such that 


c := lim sup 

A£B n 
lj.oRa{A)<e 


1 

sup — / p{PslA)ds < a, 


t 


n .70 


then there exists (t'Pjn s.t. c((Pt)t,p o Ra, it'AA < po RAE) = —. 

a 

a) If there exists («„)„ \ 0 such that 

lim sup sup p O anRaAA < 

£\0 A&B n 

pLoRa.{A)<e 


then there exists ia'fi)n s.t. cURffiy, p o R^fia'fi)A) < —■ 
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Proof. 
that tg 


We treat only the hrst case. Let m 


> 


1 

a2(i -B) 


. Then 


fio and shift (tn)n into some (t^)n such 


c((Pt)t, m, (t^)n) = lim sup sup — / m{PslA)ds 

A&B n Jo 

m(A)<e 


= lim sup sup p( / e 

AeB n 

m{A)<£ 

1 1 


OO -1 

—at ^ 


ti 


Pr+s^Adsdr) 


n J 0 


H'+t 


= lim sup sup/i(-/ PslAds + 


—at 


a&B 

m{A)<e 


at' 


PslAds 


n Jo 


''n ^0 




g ar / P^Xj^Jsdr). 


n J ^ 


Integrating by parts the last two terms in the last bracket, we obtain 


c((Pi)t,m, = lim sup sup(— / /i(PjA)ds 

£\0 AgB n Jo 

Tn(A)<£ 


~ < 


a aH'^ a. 


□ 


3 Applications 

In the sequel we will apply the main results of the previous two sections in several 
directions. 

First, we present a comparison of the measure theoretic conditions assumed in Theo¬ 
rem 12.41 with the purely topological ones which appear in the classical results of Krylov- 
Bogolibov or Lasota and Szarek concerning the existence of invariant measures for Feller 
transition functions on Polish spaces. Although not in its full generality, we give a very 
short proof of the latter above mentioned result in terms of almost invariant measures. 
As a beneht of this approach, we also have regularity for the obtained invariant measure. 

Secondly, we take another look at some versions of Harris’ ergodic theorem and give 
short proofs for the existence of invariant measures under more general conditions. We 
also investigate the number of the othogonal invariant (resp. ergodic) measures. This 
approach allows us to give an answer to the open question mentioned by Tweedie (see 
|Tw 01] . Remark 6.) concerning the sufficiency of the so called generalized drift condition 
for the existence of an invariant measure. 

In a third part we deal with nonlinear SPDEs on a Gelfand triple V <Z H <Z V*. 
We show that under a Wang’s Harnack type inequality, the strict coercivity condition 
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with respect to the if-norm is sufficient to guarantee the existence of a unique invariant 
probability measure for the solution. In order to justify even more our two-step approach, 
we apply it to a perturbation of a Markov kernel satisfying a combined Harnack-Lyapunov 
condition, for which the result of Tweedie iTheorem 13.51 below! can not be used. We also 
discuss the applicability of Harris’ result to this kind of perturbation. 

At the end of this section we present several applications to sectorial forms, mainly in 
terms of functional inequalities. In this situation we remain in the case when the constant 
6 (and hence the index c) in (2.1) equals 0, hence we do not exploit the fact that Theorem 
12.41 allows us to drop the uniform integrability down to c((Pi)t,m) < m{E). 


3.1 Almost invariant measures and the theorem of Lasota and 
Szarek 


Along this subsection we assume that {Pt)t>o is a measurable Markovian transition 
function on a Polish space E with its corresponding Borel cr-algebra B. Recall that the 
classical Krylov-Bogoliubov theorem asserts that if {Pt)t>o has the Feller property (i.e. 
Pt{Cb) C Cb, where Cb denotes the space of bounded and continuous real functions on 
E) and there exist a probability fi and a sequence (tn)n ^ cxo such that the family of 
probability measures (/in)n>i dehned by 

(3.1) /in(^) '■= ^ [ /i(PHA)ds, A e H, n > 1, 

in Jo 

is tight, then there exists an invariant probability measure u which is the limit of some 
weakly convergent subsequence {fink)k>i- 

At least when {Pt)t>o (or (Pq)o>o) has the strong Feller property, i.e. Pt (resp. Ra) 
maps bounded Borel functions on E into continuous functions, the above mentioned result 
can be compared with Theorem 12.41 as follows. 

Proposition 3.1. Assume that {Pt)t>o strong Feller and there exist a probability mea¬ 
sure pi and a sequence (tn)n oo such that {pin)n defined by (3.1) is tight. Then for all 
a > 0, if m = pio Ra then there exists a subsequence (tn^)k>i such that 

o((Pt)t>0)^) ifrufik) 0- 


Proof. Let {tnfi)k>i such that {p.nk)k>i converges weakly to an invariant measure v. Notice 

hrst that z/ <C m. Indeed, if m{A) = 0, then z/(A) = az/(i?al^) = a lim — Jj"'' m{PslA)ds = 

0 , hence v = p ■ m for some p G L^(m), where the second equality follows by the strong 
Feller property and the weakly convergence of {pnfitk- 

On the other hand, m{pg) = v{g) = av{Uag) = a lim — m{Psg)ds = a\im.m{g ■ 

^ trik ^ 

— Jp"* Pf^ds) for all g G when {Pf)s is the adjoint of {Ps)s with respect to 

m. It follows that {— Pflds\ is weakly convergent to — in L^(m), hence 

J k>l ^ 

c{{Pt)t> 0 i^i ifnifik) = 0 by Dunford-Pettis theorem. □ 
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We recall that by |LaSz 06] . Proposition 3.1, if is a Polish space, B is its Borel a- 
algebra, and {Pt)t>o is a measurable Markovian transition function possessing the Feller 
property such that there exist a compact set K <Z E and x & E for which 

1 

(3.2) limsup- / 6x o PsIkcIs = e > 0, 

t^OO t Jq 

then there exists a nonzero invariant measure for {Pt)t>o] this existence result dates back 
to the work of |Fo 69] and |St 86] : see also |KoPeSz TO] for uniqueness of the invariant 
measure, when {Pt)t>o satishes an additional equi-continuity property. 

Proposition 3.2. Let {Pt)t>o be a measurable Markovian transition function on a Polish 
space E with B its Borel a-algebra. If condition (2.3) holds then (3.2) is satisfied with 6x 
replaced by m. 


Proof. Let m be a probability measure on {E, B) such that (2.3) holds, i.e. there exists 
£ > 0 such that sup sup — Jq" m(Psl^) ds < 1. Since m is tight, there exists a compact 


AaB n tji 
m(A)<e 


set K (Z E such that m{E \K) < e. Therefore, sup — Jq"' m{PslE\K) ds < 1 and because 

n tn 


Pfl = 1, t > 0 it follows that inf — Jj" m{PslK) ds > 0. 


□ 


Under the asssumptions of Proposition 13.21 and if {Pt)t is Feller, the existence of a 
nonzero invariant measure follows by |LaSz 06] , since it is straightforward to check that 
the result of [LaSz 06] still holds true, with a similar proof as the original, once we replace 
the Dirac measure 6x with an arbitrary probability measure (in our case m) on (P, B). 

We emphasize that, in contrast with our result, besides the additional regularity con¬ 
ditions for (P, B) and {Pt)t>o which have to be assumed, by the result of Lasota and 
Szarek it does not follow that the obtained invariant measure is absolutely continuous 
w.r.t. m. 

Although Theorem 12.41 deals with non-topological assumptions, we will see in the 
sequel that it works pretty well in combination with Prohorov’s theorem in order to 
provide a quite short and transparent proof for Lasota’s result on the existence of invariant 

measures when e in (3.2) is strictly grater than -. In addition, our approach guarantees 

the absolute continuity of the obtained invariant measure with respect to a convenient 
auxiliary measure. To do this, hrst note that if {Pt)t is a measurable transition function 
on a Polish space {E,B), z/ is a probability on {E,B), and P is a compact subset of P, 
then for {tn)n oo, the family of measures (/i^)n dehned by 


i^Kf) -4 f' v(P,(lKf))ds 
Jo 

is tight. Let (tnj,)^ ^ C )0 and p be such that {Lnk)k is weakly convergent to /i. Even if 
condition (3.2) (where 6x is replaced by u) ensures the non-triviality of /i, the difficulty is 
that it will no longer be invariant. Lasota and Szarek avoided this impediment by looking 
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at a Riesz type decomposition for the positive functional on Cb obtained as a Banach 
limit of the genuine Krylov-Bogoliubov measures given by (3.1). However, as it is shown 
by the next result, it turns out that the auxiliary measure dehned for some arbitrarily 
hxed a > 0 by 

(3.3) ^(/) = p o OiRa for all / G pB 

is almost invariant. 


Theorem 3.3. If {Pt)t>o is a measurable Markovian transition funetion on {E, B) pos¬ 
sessing the Feller property sueh that there exist a compaet set K C E and a probability 
measure v for whieh it holds that 

I R 1 

limsup - / u{PslK)ds > - , 
t^oo t Jq 2 

then m given by (3.3) is almost invariant for {Pt)t>o- Henee, there exists an invariant 
measure whieh is absolutely continuous with respect to m. 

Proof. By hypothesis, there exists (tRn cxd such that Pn{E) = — u{PslK)ds > -, 

tn ^ 

1 

therefore we also have that m{E) = fJ,{E) > -. If 0 < / G Cb, then 


p{Ptf) = lim/i (Pi/) = lim 


k t. 


v{Ps{lKPtf))ds 


rik Jo 


1 1 
< limsup — / ^{Ps+tfRds < limsup — 
k tn^. Jq 


k t 


u{Psf))ds 


nk Jt 


= limsup)—(/ u{Psf)ds+ u{Psf)ds- u{Psf))ds)' 




n-k Jo 


1 

trik J 0 


< limsup— / iy{Psf)ds 

k tr. 


< limsup)—( / u{Ps{lKf))ds + / u{PslE\K)ds)] < p{f) + - = p{f) + ——p{E). 




nk Jo 


ME)' 


Replacing / by aPaf and using an approximation argument, it follows that m{PtlA) < 
1 1 
+ o —A E B. But as we noticed at the beginning, m{E) > -, hence 


2m{E) 
m is almost invariant. 


□ 
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3.2 Almost invariant measures and Harris’ theorem 

In this subsection, in contrast with the previous one, we investigate some results con¬ 
cerning invariant measures which involve exclusively non-topological conditions. There¬ 
fore, we place ourselves in the general situation of a Markovian kernel P on a measurable 
space {E,B). We emphasize that, in view of Proposition 12.31 all of the following results, 
although stated for a single operator, can be applied to the case of a continuous time 
transition function {Pt)t>o just by looking at a single kernel Piq] see Subsection 3.3. 

We first recall several definitions and conditions required by some well known versions 
of Harris’ theorem to guarantee the existence, uniqueness, and also different rates of 
stability (polynomial, sub-exponential or exponential) for a semigroup. These conditions 
slightly differ one from another but, in principle, they assume the existence of a small set 
(in the sense made precise below) which is visited infinitely often. Small sets should be 
regarded as a substitute for infinitely often visited compact sets in the Feller case (which 
is the situation of the theorem of Lasota and Szarek discussed in the previous subsection). 
As a matter of fact, if P is irreducible and a T-chain, then every compact set is a small 
set; see |MeTw 9^ . In practice, the small sets of interest are the sub-level sets of a 
Lyapunov function. 

Recall that (cf. e.g. |MeTw 9^ . Chapter 5, Section 5.2) a measurable set C G P is 
small with respect to a Markovian kernel P on (P, B) if there exist a constant a G (0,1] 
and a probability measure u such that 

inf P{x, •) > au{-). 

x^C 

Let us recall the following two assumptions; see e.g. |HaMa 11] . 

Assumption A. There exist a function V G pB and constants 6 > 0 and 7 G (0,1) such 
that 

PV < 'yV + b on E. 

Such V is usually called a Lyapunov or Foster-Lyapunov function. Furthermore, the 
sub-level set [V < r] is small for some r > 26/(1 — 7 ). 

Assumption A’. There exist V G pB, V > 1, constants 6 > 0 and 7 G (0,1), and a 
subset S <Z E which is small such that 

PV < 7 R -|- bis on E. 

The second assumption is encountered more frequently in the theory of Markov chains 
and in general it does not imply the first one; see, e.g. [HaMa iT] . Remark 3.3. How¬ 
ever, it was shown in |HaMa iT] , Theorem 3.4, that if Assumption A’ holds for P, then 

I N-l 

Assumption A holds for Fat = — Yl for some sufficiently large N. 

A A:=0 

It is well known that under Assumption A not only existence and uniqueness of the 
invariant measure is ensured, but also the spectral gap in a weighted supremum norm. For 
completeness we state this result below. Although there exist several different approaches 
to prove it, we refer the reader to the work of [HaMa iT] for a direct proof based on 
Banach fixed point theorem; see also the references therein. 
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Theorem 3.4. (cf. e.g. IHaMa ii]/ ) If Assumption A is satisfied, then there exists a 
unique invariant probability measure m for P. In addition, for some constants C > 0 and 
7 G (0,1) it holds that 

||FV-m(/)|| <C'7l|/-m(/)|| 

n / n 


for all B-measurable f with ||/|| < oo, where 


1 + V^' 


There is an extended notion of small sets, namely the so called petite sets, which 
are dehned by means of generalized resolvents. These instrnments were developed by 
Meyn and Tweedie in order to stndy (geometric) convergence for Markov processes in 
both discrete and continnons time, and we refer the reader to |MeTw 9^ . |MeTw 9^ . 
|MeTw 93^ . and |MeTw 93dj . For a stndy of weaker rates of convergence we mention 
|DoFoGu 09j . |Ha 10] . and the references therein. 

Anyway, to check the smallness of a set G is a qnite delicate issne and the nsnal tech- 
niqnes reqnire continnity or irredncibility conditions for the associated Markov process. 
In the papers |Tw 01] and [FoTw 01] . the anthors investigate the existence of invariant 
measnres for Markov chains, with direct applications to non-linear time series, assnming 
the existence of a Foster-Lyapnnov fnnction and, instead of the smallness property for the 
test set C, a weak nniform conntable additivity condition. More precisely, the following 
assnmption has been considered. 

Assumption B. i) There exist a measnrable fnnction 1/ : G —>■ [0, oo), a finite constant 
b and a measnrable set C snch that 

PV < V — 1 + blc on E. 

ii) The set C from i) is snch that the following nniform conntable additivity condition 
holds: for all (A„)„ C B decreasing to 0 we have that 

lim snp P(A„)(x) = 0. 

" xec 

Under snch hypotheses, Tweedie proved the following resnlt. 


Theorem 3.5. (cf. ITw dij/ . Theorem 1) If Assumption B holds, then there exists a pos¬ 
itive finite number of orthogonal invariant probability measures < i < n. Moreover, 
for each x E E there exists a convex combination m of (z/j)j such that 

1 


A) — >m{A), 

n ^^ n 


k=l 


for all A E B. 

Remark 3.6. i) The uniform countable additivity condition looks easier to check than the 
smallness property, since e.g. it is clearly satisfied if there exists a finite measure v such 
that P{x, •) < z/(-) for all x E C; see ITw OVf . Remark 5 for more details. 

ii) We stress out that in all of the above assumptions one can let V take infinite values 
because we may consider the restriction of P to the absorbing set [V < cxd] without altering 
the other conditions. 
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Open question (cf. iTw 01^ . Remark 6): Can we replace the constant b in Assnmption 
B, i) by a not necessarily bonnded fnnction? 

For the rest of this snbsection, onr main pnrpose is to recaptnre the above discnssed 
versions of Harris’s resnlt in a single more general statement with a very short proof in 
terms of almost invariant measnres, and also to give an answer for the open qnestion. 

For convenience, we denote by the set of all H-measnrable real-valned fnnctions / 
snch that 0 < / < 1, and recall that in Section 2 we introdnced the operators Sn and R 
by setting 

-l n—1 oo -| 

k=0 k=0 

Let ns introdnce the following assnmptions. 

Assumption C. i) There exist C E B, (p ■. Bf -E- M+, and 7 : £' —)■ M+ snch that 

Pf{x) < 0(/) + 7 ( 0 ;) 

for all X G C and / G Bf. 

ii) There exists a hnite positive measnre m on E snch that 

11.1) (p o R m o R (i.e. lim cp o R(1a) = 0). 

moi?(A)—)-0 

11. 2 ) There exists no > 0 snch that snp m(S'„(lc (7 — 1))) < 0 , where C is the set from 

n>nQ 

i)- 

It is convenient to look for (p which is a real fnnction composed with a measnre. Also, 
if 7 is constant then additional information abont the nnmber of the orthogonal measnres 
can be obtained. For these reasons, we shall consider the following particnlar case of 
Assnmption C. 

Assumption C’. i) There exist a hnite positive measnre m on E, a set C E B, a fnnction 
cp : [0, cxd) —)■ [0, 00) which is continnons and nnll in 0, and 6 G [0,1) snch that 

Pf{x) < (p{m{f)) + 6 


for all f E Bf and x E C. 

ii) There exists no > 0 snch that inf > 0, where C is the set from i). 

n>no 

The following resnlt states that Assnmptions A, A’, and B are particnlar cases of 
Assnmption C’. 

Proposition 3.7. The following assertions hold. 

i) If Assumption A is satisfied, then for all N > 0 there exists uq > 0 and 6 G [0,1) 
such that 

P^f{y)<P^f{x) + 6 

for all n,m> no, x,y E [V < A^], and f E Bf. 

ii) If Assumption A’ is satisfied, then for all N > 0 there exist uq > 0 and 6 G [0,1) 
such that 

Snf{y)<Smf{x)+5 
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for all n,m > uq, x,y E [V < iV], and f E Bf. 

In particular, if any of the Assumptions A or A’ is satisfied, then Assumption C’ 
holds for all P” resp. Sn if n is sufficiently large. 

Hi) If Assumption B, i) is satisfied, then Assumption C’, ii) holds for every (non¬ 
trivial) measure m. 

Proof. We shall prove only i) and ill), since the second assertion can be easily proved 
using the same ideas involved for proving the other two. 

b 

i). Iterating the relation PV < ■yV + b, we get that for n > 0, P^V < y^V H- 

1-7 

and 

11 b 'y^V 1 

{*) Pfi[v > r]) <-P^V <-{y^V + - -)<^ + -. 

r r 1 — 7 r 2 

On the other hand, we know that C* := [1^ < r] is small, so there exist a constant a E (0,1] 
and a probability u such that Pf{y) > az/(/) for dW y E C and / G Bf . Taking in this 
inequality 1 — / instead of /, we obtain Pf{y) < 1 — a + ai'(f) for all y E C. Combining 
the last two inequalities it follows that Pf{x) < Pfiy) + 1 — a for all x,y E C, hence 

Pf < Pf{y) + 1 - ale on E 

for all y E C. Integrating this inequality w.r.t P”“^(a;, ■), x E E we obtain 

p^f < Pf{y) + 1 - aP^-hc on E 
for all y G C and n > 0. Replacing / with 1 — / we get 

Pf < P"f{x) + 1 - aP^-Ac{x)lc 

for all X E E, and again integrating the last inequality but now w.r.t P^~^{y, ■) we obtain 

P^f{y) < P^fix) + 1 - aP^-hc{x)P^-hc{y) 

for all x,y E E, f E Bf, and n,m > 0. Now, the assertion follows if we combine the last 
inequality with relation (*), since the coefficient of a is far away from 0 for all n and m 
sufficiently large, uniformly in x,y E [V < A]. 

The fact that Assumption A implies C’ for P^ follows by choosing 4>{x) = x, C = 
[V < r], and m = SyO P'^ for some arbitrarily hxed y E C, and taking into accout relation 

W- 

iii). Let y he a non-zero hnite measure. Since fo < cxd, there exists no > 0 such 
that y{[V < no]) > £ > 0. Now, iterating the relation PV < fo — 1 -|- blc we get that 

n—1 

P"fo < V — n -\- b hence > t( 1 “ therefore 

k=o b 

l[y<no]*S'n(lc') > ^l[V<no] 
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for all n > 2no. Integrating the last inequality with respect to p we conclude that 

which proves the assertion. 

□ 

Remark 3.8. Often, the sublevel sets \y < r] of the Lyapunov function V which appears 
in Assumption A are small for all sufficiently large r. In this case, one can easily adapt 
the proof of Proposition \3. 1\ i) to show that Assumption C’ holds for P, not just for P” 
with n big enough. 

We can now state the main result of this subsection. 

Theorem 3.9. If Assumption C is satisfied, then mo R is mean almost invariant. 

Proof. With the set C given by the hypothesis, we have for all / G Bf that Pf < 
+ 7lc + 1 e\c which leads to 

p^f < 4>{f) + k > 0. 

Considering the Cesaro means, we obtain that 

s„/ = i W Pp <-f + —Pf) + —S„_,(7lc) + —S„_i(1b,c) 

n n n n n 

k=0 

< —h 0(/) + S'„_i(lc(7 — 1)) + 1 

n 

Integrating with respect to m it leads to 

m{Snf) < m{E)(j){f) + {m(S'n-i(lc(7 - + (1 + 

n 

Now by hypothesis, the term in brackets is strictly less then 1 for all sufficiently large n, 
uniformly in n. Hence there exist 5 G [0,1) and uq such that for all n > no we have 

m{Snf) < m{E)(j){f) + 6m{E). 

By replacing / with Rf in the last inequality we obtain for all / G Bf and n > no that 

m o R{Snf) < m{E)(j) o R{f) + 5m o R{E). 

Taking into account Remark 12.111 ii), it follows that m o P is mean almost invariant. 

□ 
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We recall the following condition. 

Generalized drift condition. There exist two measnrable fnnctions V,b : E ^ [0, oo), 
and a measnrable set C snch that 

PV <V-l + blc on C. 

Next, we consider an integrability assnmption for b that appears in the generalized drift 
condition, with respect to the measnre m involved in Condition C’, i). 

Condition D. For all r > 0 there exists iVo > 0 snch that 

snp m{l[v<r]Sn{b‘^)) < oo. 

n>NQ 

Proposition 3.10. Let m be a non-trivial finite measure. Assume that the generalized 
drift condition and Condition D hold. 

Then Assumption C’, ii) is satisfied w.r.t m. 

Proof. As in the beginning of the proof for Proposition 13.71 hi), and by Canchy-Schwartz 
inequality, we obtain that 


Sn{b^)-^Sn{lcy^>Sn{blc)>l--, 

n 

hence ^ 

^[V<no]Sn{b ')^ P 

for all n > 2?7,o, where uq is such that m([P < no]) > e > 0. By applying one more time 
the Canchy-Schwartz inequality w.r.t. m from this time, it follows that 


m(S'n(lc')) > 


462m(l[v<„„]A„(62)) 


for all n > 2no. 

The result now follows due to the hypotheses. □ 

The announced answer to Tweedie’s question is now a collection of the above results. 
To make it more clear, we consider: 

Condition E. Assume that the generalized drift condition. Condition D, and Assumption 
C’, i) are verified. 

Corollary 3.11. If Condition E is satisfied then mo R is almost invariant. 

Proof. By the hypothesis and Proposition 13.101 we have that Condition C’ is verified. 
Now, the result follows by Theorem 13.91 □ 

Recall that a set A G S is called absorbing if P{A, a:) = 1 on A. In probabilistic terms, 
this means that if the process starts from A it remains in A. 
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Corollary 3.12. Let E be a universally measurable separable metric space. Consider that 
Assumption C’, i) (and hence ii)) holds for C = E, and the function 0 has an increasing 
inverse. Then mo R is mean almost invariant and the number of all orthogonal invariant 

Tfli 

probability measures is less than Conseguently, <1 — 5 then there 

is a unigue invariant measure (hence ergodic). 


Proof. The fact that m o R is mean almost invariant follows by Theorem 13.91 Using e.g. 
|BeCiRo 15] , Proposition 2.4, one can show that the support of an invariant probability 
measure contains an absorbing set of total mass equal to 1. But if A G S is absorbing 
and X & A, then 1 = P1a{x) < (j){m{A)) + 6, hence m{A) > 0“^(1 — 5) and the proof for 

7Tl( E^ 

the hrst assertion follows. Now, clearly < 1 — 5 is the same with ——r, -ft < 2, 

^ — 5 ) 

hence there can not be two orthogonal invariant measures. On the other hand (cf. e.g. 
|BeCiRo 15] . Proposition 4.4), any two distinc extremal invariant probability measures 
are singular. This means that there is a unique extremal invariant probability measure. 
The uniqueness of the invariant probability measure follows by the fact that all invariant 
probability measures can be represented by means of the extremal ones; see e.g. |Ma 77] . 

□ 


3.3 Harnack type inequalities and almost invariant measures 

Applications to nonlinear SPDEs. Let V <Z H = H* C U* be a Gelfand triple, i.e. 
(^,11 • IIy) is a reflexive Banach space which is continuously and densely embedded in a 
separable Hilbert space {H, (•,•), || ■ ||h)- The duality between V* and V is denoted by 
v*{-, •)v- Let {L 2 {H), II • II 2 ) denote the Hilbert space of all Hilbert-Schmidt operators on 
H, with the associated norm. 

Let {W{t))t>o be the cylindrical Brownian motion on H w.r.t. a complete filtered 
space (G, {Et)t>o, P)- Consider the following nonlinear equation with additive noise 

(3.5) dX{t) = A{X{t))dt + BdW{t), 

where A : V ^ V* and B G L2{H) satisfy the following conditions: 

{Hi) (Hemicontinuity) For all u,v,x G V the map 

M 9 A I —> v*{^{u + \v),x)v 


is continuous. 

{H 2 ) (Weak monotonicity) There exists c G M such that for all u, u G U 

2v*{A{u) — A{v),u — v)v < c||m — u||^. 

(Ffs) (Coercivity) There exist a G (0, cx)), ci G M, /, C 2 G (0, 00 ) such that 
2 v*{A{v),v)v + IISII2 < ci||u||^ - C2||u||y+^ + /. 
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{H 4 ) (Growth) For all u,v e V 


\v*{A{v),u)v\ < f + ci(||v||y + \\u\\y'^^ + ||m||^ + \\v\\h). 

By [KrRo 79] (see also |LiRo 10] ) there exists a strong solution for equation (3.5), i.e. 
there exists a continuous H -valued adapted process X = X{t)t>o s.t. 

X{t) = X{0)+ [ A{Xs)ds +B{W{t)) 

Jo 

and 

E (j‘ l|A'(s)||"‘ + ||A(s)f„cih < > 0 

for every X(0) G Xq, P; H). 

Moreover (X(f))i>o is a time-homogeneous Markov processes on H with transition 
function Ptf{x) := P(/(X^(f))), / G pB{H), x E H, where X^{t) is the solution of (3.5) 
with X^(0) = X. 

Our aim is to investigate the existence of invariant measures for {Pt)t>o dehned above, 
using our two step-approach. To do this, let us consider the following assumptions. 
Assumption F. (Strict coercivity w.r.t. || ||h) There exist E (0, 00 ) such that 

2v*{A{v),v)v + \\B\\l < -f^lMn + g 


for all V E V. 

Assumption G. There exists p > 1 such that for all f > 0 and for every ball Bh{0,R) 
of radius R there exists a constant at{R) < 00 s.t. for all x,y E Bh{ 0 , R) and / G pB{H) 

{Ptf{y)r<at{R)-Pt{n{x). 

Assumption G is a generalization of the famous Wang’s Harnack inequality [Wa 13j . 
It is well known that if dimP < 00, then Assumption F ensures the existence of an 
invariant probability measure for {Pt)t>o] see |PrRo 07] . Proposition 4.3.5. If dimP = cxo 
and the embedding V G H is compact, then under a strict coercivity condition w.r.t. 
II ||y, namely 

2v*{A{v),v)v + \\B\\l < -/3||n||^+“ -Fp 

for all V E V, the existence of an invariant probability measure is still guaranteed, as 
shown in |Wa 13] . Proposition 2.2.3. Clearly, since || ||y is stronger than || ||j:/, the above 
inequality is more restrictive than Assumption F. As a matter of fact. Assumption F 
is considered because it guarantees that the solution X is bounded in probability, i.e. 
lim supP(||Ai||H > P) = 0 (hence the existence of an invariant probability measure if 

R-^00 j>o 

dimP < 00 ). As noted in |DaZa 96] . in general, the boundness in probability property is 
not sufficient to ensure the existence of an invariant measure for {Pt)t>o even for deter¬ 
ministic equations, and we refer to [Vr 93j for a counterexample. However, we can show 
that Assumption F in combination with Assumption G does imply the existence of an 
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invariant measure. To the best of our knowledge, this result is new in the literature and 
we present it below (the uniqueness and full support properties were already known, see 
|Wa 13] . Theorem 1.4.1 and Corollary 2.2.4). 

Recall that by Theorem 13.91 the following condition ensures the existence of an invari¬ 
ant probability measure for a Markov kernel P on a measurable space {E, B): 

Assumption C’. i) There exist a hnite positive measure u on E, a nonempty set C E B, 
a function 0 : [0, cxd) —)■ [0, cxd) which is continuous and zero in 0, and 6 G [0,1) such that 

Pf{x) < 0(z/(/)) + 5 


for all f E Bf and x E C. 

ii) There exists no > 0 such that 


1 n-l 
^ k=0 


inf z/(S'„lc) > 0, where C is the set from i) and 

n>no 


Proposition 3.13. Suppose that assumptions F and G are satisfied. Then there exists a 
unique invariant probability measure for {Pt)t>o and it has full support on H. 

Proof. Fir.t, note that the ettict coetcivity aaeumption implies that EdlA-Hl,) < | fot 

alH > 0 (cf. [Ro Pr], pg. 103, (4.3.12)), hence P4(lB^(o,n))(0) > 1 - t > 0, P > 0. 

Now £x R large enough so that inf Pt(lB^(o,n))(0) > 0 and recall that by Assumption G 

{Ptf{y)y < afiR)Pfin{x) for ah x,?/ G Ph(0,P), / G pB{H). 

If we fix f > 0 and set n(/) := (fg o Pt{f)i f E pB, and 0(x) = f/at{R)x, x > 0, we 
obtain that Ptfiy) < fiii^if)) for all y E Ph(0,P), / G Bf, and inf z/(S'„lB^(o,n)) > 0. 

n 

Therefore, Assumption C’ is satisfied for the Markovian kernel Pt, and by Theorem 13.91 
and Proposition 12.31 the existence part is proved. 

As we already mentioned, the uniqueness and the fact that the invariant measure has 
full support follow in a similar way as for Corollary 2.2.4 from |Wa 13] . 

□ 


For the reader’s convenience we recall some sufficient conditions under which Assump¬ 
tion G is satished. 

Assume that the operator B is non-degenerate, i.e. if u G if and Bv = 0 then u = 0, 
and denote by || ■ ||b the intrinsic norm induced by B dehned as 

{ II 2 /II//, if there exists y E H such that By = v 
cx), otherwise. 

Consider the following assumptions (cf. |Wa 13] . (2.5), or |Li 09] . (1.3) and (1.4)): 

(Gi) a > 1 and there exist 9 E [2, cx)) fl (a — 1, 00 ) and 77,7 G M with p > 0 such that for 
all u,v E V 

2v*{A{u) — A{v),u — v) < —ri\\u — u||g||-u — + 'y\\u — v\\jj. 


22 














(G 2 ) a G (0,1) and there exist some measurable function h : V —>■ (0, 00 ), some constant 
4 

6 * > -, some 7 G M, and some strictly positive constants q,6,ri such that for all 

a + 1 
u,v & V 


2y* {A{u),u)v + \\B \\2 < q - + 7||m||^, 


2 y* {A{u) — A{v),u — v)v < 


?7||m — 


B 


+ 7 M - v\ 


H- 


\u — n||^ ^(h(n) V h{y)Y~ 

By [Wa 13] ■ Theorems 2.2.1 and 2.3.1, the following two assertions concerning Harnack 
inequalities hold: 

a). If (Gi) holds then for every p > 1, f > 0, x, ?/ G iif and / G pB{H) 


(3.6) 


{Ptf{y)y < PtF{x)exp 


p{ 


e +2 

9+1—a 


2(0+1) ,, ,, 2(0+1-q;) 

I 9 Wx-vWh ® 


9A-l-a. , 


6+2 


2(p— !)(/„ 7»+2e »+2 '^^ds) 0 


b). If (G 2 ) holds then there exists a constant c > 0 s.t. for alH > 0,p > 1,x,p G if, 
and / G pB{H) 


(3.7) {Ptf{y)Y < 


Ptnx)exp 


cp 

p — 1 


\x-y\\ 




\x 


+ \\y\ 


2 i 

h) 


B(a + l)+4 

{t A 1) '’(“+1) 


+ ( 


p 


p — 1 


4(l-a) 
a(0+2) + 0-2 


26(0+1) \ 
|X — y\ \ “(0+2)+0-2 \ 

0(a+l)+4 I 

(t /\ iy(e+2)+e-2 ) 


Concrete examples of operators A, B satisfying conditions (Gi) or (G 2 ) have been con¬ 
structed in [Wa 13j . subsection 2.4, for stochastic generalized porous media, p-Laplace, 
and generalized fast-diffusion equations; see also [UO^ . 


Remark 3.14. i) The existence part of Proposition fXTfl may he also proved by applying 
Theorem 1,9. ,51 (due to Tweedie), since one can see that for fixed Pt, Assumption B, i) is 
satisfied for v = || • ||^ and C = Bh{ 0, R) with R sufficiently big, while Assumption B, ii) 
follows by the Harnack inequality. 

ii) We would like to point out that we considered only the additive noise case just 
because in this situation it is already known that if (Gi) or (G 2 ) hold then inequalities 
(3.6) resp. (3.1) are satisfied (hence so is Assumption G). In fact, one can easily see that 
Proposition \3. 13\ is true also for the multiplicative case, i.e. B : V ^ L 2 {H). 


Perturbations of Markov chains satisfying a combined Harnack-Lyapunov con¬ 
dition. Let P be a Markov kernel on [E, B) satisfying the following condition: 

(H-L). There exists a positive measurable function V such that PV < 'jV + c for some 
positive constants c and 7 < 1. Moreover, for each r > 0 there exist a point zq G E, 
p > 1, and a constant M = M{r, 2 : 0 ) such that {Pf{x)Y < MPfP{zo) for all x G [V < r]. 

Clearly, an example of such a kernel is any Pt associated to the previous SPDE, under 
Assumptions F and Gi (or G 2 ). 
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Let now p : —)■ (0,1) be a measurable function such that 0 < a := inf p{x) and 

xGE 

sup p{x) =: b < 1, and Q be a second Markovian kernel on {E, B). 

xGE 

In the sequel we are interested in showing the existence of an invariant probability 
measure not for P (for which we already now that such a measure exists; cf. Theorem 13.51 
or by our generalization Theorem I3.9p but for the following modihed Markov kernel 

Pf:=pPf + {l-p)Qf, fepB. 


Corollary 3.15. Assume there exist constants p and I < such that QV < IV + p. 
Then there exists an invariant probability measure for P. 

Proof. By hypothesis, 


Pf <bPf + l-a< bf/MPf{zo) + 1 - a < b{j—Pf{zo) + 1 - a 

for all f e Bt and x e [V < r]. Hence, if m := o P and 0(f) = b\ —f, f > 0, we 
_ \ a 

obtain that P satishes Assumption C’, i) for C = \y < r\. On the other hand, H is a 

Lyapunov function for P too because 

PV < ppV + (1 — p)lV + bc+ {1 — a)p < {bp + (1 — a)l))V + bc+ {1 — a)p, 

and bp + {1 — a)l < 1. But as in the proof of Proposition 13.71 i) (relation (*)) we 
obtain that inf P l\v<r]{zo) > 0 which leads to inf m(S'fcl[\/<p) > 0 for sufficiently large 

k k 

r. Consequently, P satishes Assumption C’ and the result follows by Theorem 13.91 □ 

In the particular case when Q{x, ■) = 6x, x G E, let us denote P by P^, i.e. 

ppf{x) = p{x)Pf{x) + (1 - p{x))6x{f) 


for all / G pB. 

By Corollary 13.151 we get: 

Corollary 3.16. The Markov kernel PP admits an invariant probability measure. 

For the reader’s convenience, we recall the assumptions involved in the results of Harris 
and Tweedie, respectively, which ensure the existence of an invariant probability measure 
for P, as we already discussed in Subsection 3.2 (see Theorems 13.41 and 13.5^ : 

Assumption A. There exist a function V G pB and constants b and p G (0,1) such that 

PV < pV + b on E. 

Furthermore, the sub-level set [V < r] is small for some r > 26/(1 — 7 ), i.e. 
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inf P{x, •) > z/(-) 

x£[V<r] 

for some non-zero sub-probability u. 

Assumption B. i) There exist a measurable function 1/ : —)■ [0, oo), a constant b, and 

a. set C E B such that 

PV <V — 1 + blc on E. 

ii) The set C from i) is such that the following uniform countable additivity condition 
holds: for all (A„)„ C B decreasing to 0 we have that 

limsup P(A„)(a;) = 0. 

^ xec 

Our next purpose is to show that P^ does not satisfy Assumption B. Regarding the 
aplicability of Harris’ result we do not have a similar negative answer. However, we can 
show that if P does not satisfy Assumption A then neither does P^. More precisely, we 
have: 

Proposition 3.17. The following assertions hold for the kernel P^: 

i) If a non-empty set C E B satisfies Assumption B, ii) then C consists of a finite 
number of points. In particular, if P{x, {y}) = 0 for all x,y E E then PP does not satisfy 
Assumption B. 

ii) If P does not satisfy Assumption A and P{x,{y}) = 0 for all x,y E E then PP 
does not satisfy Assumption A provided a > |. 

Proof, i). Assume that the set C is not finite, so we can find a sequence (An)n C B, 
(h ^ An C C, decreasing to 0. Then supP^(x,A„) > sup(l — p{x))6x{An) > (1 — 

xGC x^C 

6) sup (5a;(^n) = 1 — & for all n > 1, hence Assumption B, ii) is not verified, which is a 
xec 

contradiction. 

Suppose now that P{x,{y}) = 0 for all x,y E E. We claim that (P^)"(x,C') —j-O for 

n 

any C = {xi, ..., Xn} C E and x E E. Clearly, it is enough to show this for C = {y} for 
some arbitrarily hxed y E E. But 

{?/}) = p{x)P{x, {?/}) + (1 - p{x))5^{{y}) = (1 - p( 2 /))l{j,}(a;) for all xeE. 
{PPf{x, {y}) = (1 - p(a;))(l - p{y))P{x, {?/}) + (1 - p(a:))(l - p{y))l{y}{x) = 

= (1 — p{y)Yl{y'^{x) for all x E E. 

Inductively, one gets 

{PTix, {y}) = (1 - p{y)niy}{x) < (1 - a)" ^ 0. 

Now, if PP satisfies Assumption B for some set C E B, then by the above considerations 
C must be finite and (P^)"'(x, (7) —?• 0 for all x E E. But this implies that Sn{x,C) = 

n 

“I n—1 

- E iP^’^ {x,C) —)-0 for all x E E, which contradicts Proposition 13.71 hi). 
n fc=o 
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ii). Assume that satisfies Assumption A, so that there exists V G pB s.t. P^V < 

~ 2b 

jV + b for some positive constants b and 7 < 1 , and r >-s.t. inf PP{x, •) > i/(-) 

1 7 x£[V<r] 

for some non-zero sub-probability v. Then 


PV{x) = --Pf’Vix) 
p{x) 


1 — p(x) , ^7-1-1- p(x) b ^ . b 

- P-^V{x) < d- ^^V{x) + ^ < 'iVix) + 

p[x) p[x) p[x) a 


for all X ^ E, therefore Id is a Lyapunov function for P. 

The next step is to prove that [V < r] is small for P, which clearly completes the 
proof, since it would contradict the hypothesis that P does not satisfy Assumption A. To 
this end, let us notice first that [V < r] is uncountable, in particular [V < r] contains at 
least two points. Indeed, as in the proof of Proposition 13.71 i), we have that P"([Id > r]) < 
7 ”I/ 1 

- 1 -for all n > 1, so that P^(x, [V < r]) > e for all n large enough, some arbitrarily 

r 2a _ _ 

fixed X, and some e = e{x) > 0. If [Id < r] is countable, then P^{x, [V < r]) = 0 (since 

P{x, •) does not charge the points) which is a contradiction. 

Let now y & E arbitrarily chosen and let x G [Id < r],x y. Then i^{{y}) < 

PP{x, {?/}) = p(x)P(x, {?/}) + (1 — p{x))6x{y} = 0, hence z/ does not charge the points as 

well. Then, for A G P 


P(x, A) = P(x, A \ {x}) = —r^P^(x, A \ {x}) 

p{x) 


1 - p{x) 

p{x) 


5x{A \ {x}) = 


—^P^(x, A \ {x}) > 7Zz(A \ {x}) = 7Z^(A) for all x G [V < r]. 
p{x) b b 


Consequently, [Id < r] is small for P. 


□ 


Remark 3.18. i) It is worth to mention that with small changes in the proof, Proposition 
3.121 i) remains true for more general P when Q is not necessarily the identity kernel. 
However, we assume that Q inherits the following property: there exists e > 0 such that 
Q{x, {x}) > e and Q{x, {?/}) = 0 for all x ^ y E E. 

ii) As already mentioned in Remark fXM Assumption A is often formulated such that 
[Id < r] is small for all sufficiently large r > 0. In this situation, one can easily see that 
with essentially the same proof, no lower bound for the constant a is needed in order for 
Proposition \3. 1% ii) to he true. 


3.4 Uniform boundness on implies uniform integrability for 
the adjoint 

From now on we assume that {Pt)t>o is a strongly continuous semigroup of Markovian 
operators on L^^m) for some p > 1. We consider the associated resolvent (Pa)Q>Qo>o 

POO 

RM) = / e-^^Ptfdt, f G U(m). 

Jo 
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Remark 3.19. i) In general, Ra is not defined on L^im) for all a > 0, unless (0, cx)) is 
included in the resolvent set of the generator associated with {Pt)t>o- However, Ra can he 
defined on L'^im) fl L°°{m), for all a > 0. 

a) If {Pt)t>o is uniformly bounded then (0, oo) is included in the resolvent set of the 
generator and {(yRa)a>o is uniformly bounded, but the converse is not necessarily true in 
general. 

Theorem 3.20. Assume that Ra is defined for all a > 0 and that the family {oiRa)a>o 
is uniformly bounded on LP{m). Then m is resolvent almost invariant, hence there exists 
a nonzero positive finite invariant measure v = p ■ m. Moreover, if p > 1 then p can he 
chosen from Vf[m). 

Proof. The first part follows since for aX\ A & B 

m{anRa^^A) < m(h;) V • M ■ m{A)p 

If p > 1, since {aR’fl)a>o is bonnded in L^{m) and arguing as in the proof of Theorem 
12.41 v)^ i), one can see that any accumulation point p of {aRl^l)a>o in L^{rn) leads to a 
non-zero hnite invariant measure p ■ m. □ 

Extending jHi 00] . a positivity preserving operator P on p > 1 is said to satisfy 

condition (I) ii there exists cf G L^{m) such that 

lim sup ||(|P/|-r0)+||p < 1. 

feLPim),\\f\\p<l 

Closely related to condition (I), the following L^-tail norm was considered in |Wa 05] 
in order to measure the non(semi)compactness of a bounded operator P on U’im), for a 
hxed 0 G Lfiim), p > 1: 


ll^llJ,T=lim sup ||(P/)l{|p/|>^0}||p. 

™ll/llp<i 

Remark 3.21. i) If a positivity preserving operator P on U’{m) satisfies ||P||pp < 1 
then it satisfies condition (I), since ||(|P/| — c(j))~^\\p = ||(|P/| — r0)+l[|pj-|>r(j!)]||p < 

II f)^l\Pf\>rrf>]\\p■ 

ii) Hino used condition (I) (for = 1) in order to show the existence of a nonzero 
element p in ker P* (hence a nonzero invariant measure for P). More precisely, he showed 
that if P is a Markovian operator on a separable L^ijn) space with p > 1 such that P" 
satisfies condition (I) for some n > 0 and 0 = 1, then there exists a nonzero element 
p G ker(/ — P*). Then he applied this result for P = Pt^, for some to > 0, and P = aPa, 
for some a > 0; see [Hi 00], Theorems 2.8 and 2.9. 

We recapture Hino’s results in the following more general statement, as a particular 
case of Theorem 13.201 Our main improvements consists of allowing p = 1 and remaining 
in the case of an arbitrary measurable space (P, B). 
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Corollary 3.22. i) If there exist to > 0 and 0 G U’ijn) such that < (j) and Pt^ satisfy 
condition (I) then {Pt)t>o is uniformly bounded. 

a) If there exist n > 1, a > ao, and 0 G L'^im) such that {aRa)"'(f> < 0 and {aRa)"‘ 
satisfies condition (I), then Ry is defined for all (3 > 0 and (0-R^)/3>o is uniformly hounded. 

In particular, if the assumptions in i) or ii) are satisfied then the conclusion of Theorem 
\d.20\ holds. 

Proof. By a simple adaptation of the proof for Proposition 2.5 in |Hi 00] . one can show 
that under i) it follows that {Pt)t>o is uniformly bounded, and respectively, in the case 
of ii), that {{aRa)^}k>i is uniformly bounded. So, let M < oo be a positive real number 
such that \\{aRa)^\\Lp{m) < M for all fc > 0. For 0 < 0 < a, dehne 


k=0 


Then 


k=0 



M 

J 


and it is straightforward to check that {Ry)g>ao extends to a Markovian resolvent (i?/ 3 )/ 3 >o 
by setting for all 0 < 0 < Oq, such that ( 0 i?/ 3 )^>o is uniformly bounded. □ 


Applications to sectorial forms. Let {S, D{S)) be a coercive closed form on lf{m) 
in the sense of |MaRb 92] . That is, D{£) is a dense linear subspace of P^im) and £ : 
D{£)xD{£) —)• M is bilinear, nonnegative definite such that D{£) is complete with respect 
to the norm || ■ ll^:^ := £i{-, •) 2 , where, for a G M+, £aif,g) ■= ^if,g) + Oi{f,g)LHm) for all 
f,g^D{£). 

Also, the ’’weak sector condition” is assumed, i.e. there exists k G M+ such that 
\^U\g)\ < k£i {fj)^£i{g ,g)^ for all f,g e D{£). 

Then (cf. |MaRo 9^ . Chapter 1, Sections 1 and 2), one can associate a strongly 
continuous semigroup of contractions {Tt)t>o on L^{m) whose generator (L, D{L)) satisfies 
D{L) C D{£) densely and £{f,g) = {—Lf,g) for all / G D{L) and g G D{£). 

A bilinear form (£, D{£)) on L‘^{m) is called a sectorial form if there exists a G [0, cxd ) 
such that {£a,D{£a) := D{£)) is a coercive closed form. If is fhe semigroup 

corresponding to then R := f > 0 is called the semigroup on L‘^{m) associated 

with {£,D{£)). We say that {£,D{£)) is positivity preserving if {Tt)t>o is positivity 
preserving. 

Since the semigroup generated by a coercive closed form is of contractions, the follow¬ 
ing result is an immediate consequence of Theorem 13.201 


Corollary 3.23. Assume that {Tt)t>o is a Markovian semigroup associated to a coercive 
closed form {£,D{£)). Then there exists 0 7 ^ p G L^(m) such that p ■ m is Tf-invariant. 

As in [Wa 05], let us consider the following inequality for {£,D{£)): there exist ro > 0, 
0 : (ro, 00 ) (0, cx)), and a strictly positive 0 G P^im) such that 

(3.2) m{f) < r£{f, f) + 0(r)m(0|/|)^ r > vq, / G D{£). 
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Recall that (£, D{£)) is said to satisfy the super Poincare inequality if (3.2) is satished 
for ro > 0 . 

Also, let F : (0, cx)) —)■ M be an increasing and continnous fnnction snch that snp |rF(r) | < 

re( 0 ,i] 

CX) and lini F(r) = +cx). We say that {£,D{£)) satisfy the F-Sobolev inequality if there 

r—¥oo 

exist two constants ci > 0 , C 2 > 0 snch that 

(3.3) m{fF{f)) < ci^(/, /) + C 2 , / e D{S), m{f) = 1. 

If F = log, then (3.3) is called {defective when C 2 7 ^ 0) \og-Sobolev inequality. 

Remark 3.24. By IWa 03f . Theorem 3.3.1, if {S, D{S)) is a positive bilinear form on 
L'^{m), then F-Sobolev inequality implies (3.2) for 0 = 1 and (3{r) = CiF“^(c 2 (l + r“^)) 
for some Ci, C 2 > 0, where F~^{r) = inf{s > 0 : F{s) > r}. 

Lemma 3.25. Let {£, D{£)) be a positivity preserving coercive closed form which satisfies 
(3.2). Assume there exists a < — such that (e“*Ti)f>o is Markovian and there exists to > 0 
with < 0. Then there exists p G L‘^{m) such that p ■ m is {e°‘^Tt)t>o-invariant. 

Proof. By |Wa 05] . Theorem 3.2.2, we have that < e~F for all t > 0. Since 

< 1 , the resnlt follows by Remark [3.211 i) and Corollary 
3.5, i). ’ ’ □ 

Corollary 3.26. Let {£,D{£)) be a positivity preserving sectorial form such that {£a, D{£)) 
satisfies the F-Sobolev inequality for one (and hence for all) a > 0. If {Tt)t>o is Markovian 
then there exists p G L‘^{m) such that p ■ m is {Tt)t>o-invariant. 

Proof. It follows by Remark 13.241 and Lemma 13.251 □ 

Example (small pertnrbation of Dirichlet forms; cf. |BoRoZh 00] ). Following |BoRoZh 00] . 
let X be a locally convex topological real vector space with dnal X*, B = B{X) its Borel 
(T-algebra, and H a separable Hilbert space which is continnously embedded in X. 

For / G FC^ := {p{h ,..., /^)|m G M, G X*, if G C,°°(M™)}, cr G X, dehne V^^/(x) 
the element in H nniqnely defined by 

i'^Hfix), h) = -^f{x + sh)\s=o. 

Let /i be a probability measnre on {X,B) snch that £^{f,g) := f^(Vnf,'^Hg)dp, 

f,g E FC^ is well dehned and closable on L‘^{p), where FC{)° denotes the set of all 
/i-classes determined by FCf°. 

If Cs{H) stands for the set of all symmetric nonnegative dehnite bonnded linear op¬ 
erators on H, then for any strongly measnrable map A : X —)■ Cs{H) snch that 

C~^Ih < a p — a.e. for some c > 0 and / \\A{x)\\c{H)L{dx) < 00 

Jx 
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the form 

■= [ {A{x)VHf{x),VHg{x))HAdx), f,geTC^'" 

J X 

is well defined and closable on its closure, denoted by {S,D{£)) for some fixed 

/i and A, is a symmetric coercive closed form. 

Let V : X ^ H he B{X)/B{H)-measm3Jo\e with ||n||i:/ G L^(/i) such that there exist 
£ G (0,1), a, 6 G M+ such that for all f,gE we have 

I j{v,V„f)HgdM < 6fi(/,/)i£i(9,g)’ 


and 

J{v,VHf)Hgd^i > -eS{fJ) - a||/||i2(^). 

Let Sy{f,g) := £{f,g) + J{v,XHf)Hgdfi, f,g e XC^. Then {£y,XC^) is closable and 
if {Sy, D{Sy)) denotes its closure, then D{Sy) = D{S), and for a := a + 1 — £, {Sy^a, D{£)) 
is a coercive closed form (hence £y is sectorial), and 


(3.4) (1 - e)£i{f, f) < £yAfy f) < max{l + 6i, 1 + 6 + a - e}£i{f, /). 


Moreover, if we denote by {P^)t>o the semigroup associated to {£y, D{£y)), then 
is Markovian. 

The following result covers and extends Theorem 3.6 from [BoRoZh 00] : see also [Hi 98] 
and |Hi 00] . 

Corollary 3.27. i) Assume that {£^D{£)) satisfies inequality (3.2) for some strictly 

1 — e 

positive (j) G Lfiim) such that there exists to > 0 with PZfi — o.'^d for some rg < -. 

° a 

Then there exists p G Lfi{m) such that p ■ m is {Pf)t>o-invariant. 

a) If {£, D{£)) satisfies the F-Sobolev inequality such that F~^ < oo then the assump¬ 
tions in i) are fulfilled for cf = 1. 

Proof. Since ii) follows by Remark 3.7, we prove only the hrst statement. It is straight¬ 
forward to check that under i) and taking into account the hrst inequality in (3.4), there 
exists 7 (r) such that 

Af) < r£y,a{f, /) + l{r)Mf\f, f e D{£), r > Xq, 


where ro = 


ro 


, ,, —. Since rg < -and a = a-|-l — e, it follows that a < (rg) 

(l + ro)(l-£) _ a 

and by applying Lemma 13.251 we obtain the desired conclusion. □ 
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4 Appendix 

A.l Proof of Lemma 2.1. i) Let / G L^{m) and define f := snp P^{f An) in L^{m). 

n 

By monotone convergence we get that ||Pt*/||i = m{P*f) = supm(/ An) = m{f) < oo. 

n 

Moreover, IIP,*/ - /||i < ||P,*(/ A n) - f A n\U + IIP// - P/f/ A n)||i + 11/ - / A n\U 
< ||P;(/An)-/An||p/ + 2|l/-/An||i^2||/-/An||i ^0. By linearity, it follows 

/—>-0 n—>-cxD 

that (P/)t>o is a strongly continuous semigroup on L^{m). The fact that {P^)t>o consists 
of positivity preserving operators is straightforward, by duality. 

ii). If {Pt)t>o satishes (A 2 ) or (Ai) for p = 1 then {Pt)t>o may also be regarded 
as a semigroup of Markovian operators on L°°{ni). Denoting by (P/)t>o its adjoint on 
(L°°(m))*, we prove hrst that (P/)t>o may be restricted to L^(m). To this end, let 
/ G L^{ni). Then P// is a positive hnitely additive measure on (P, B) which is absolutely 
continuous with respect to m. Let (A„)„ be a sequence of mutually disjoint P-measurable 
sets. Then P;/(UA„) = m{fPt{luA„)) = Y.^ifPt{lAj) = Y^Ptfi^n), hence P^f is a 

^ " n n 

(j-additive positive measure, absolutely continuous with respect to m. By Radon-Nikodym 
it follows that P^f identihes with an element from L^{ni). By linearity, we obtain that 
(Pt*) t>o may be regarded as a semigroup of positivity preserving operators on L^(m). 

Now, since for each t > 0 the measure pB 3 / •—)■ ni(f^ Pgfds) is absolutely continuous 
with respect to m, there exists (ft G L^{m) such that m{j^ Pgfds) = m{Lptf), i-e. ii.l) 
holds. Then, P^^Psig) = ni{psPt9) = ^ifo Pr+tgdr) = Prgdr) - ni{f^ Prgdr) = 

Pt+s - P’s, which proves ii.2). Finally, ||-(<Pt+^ < -(||(pt+^||i + ||<p^||i) =- >0, 

S S S s-s-oo 

where the last inequality follows from ii.l). 

A.2 Biting lemma (cf. [BrCh 8(1] ) Let (f2,P, m) be a finite positive measure space and 
let (/n)n>i be a bounded sequence in L^{m), i.e. sup |/n|dm < 00 . Then there exist a 

n 

function f G L^{m), a subsequence {fnk)k>i and a decreasing sequence of measurable sets 
{Br)r>i with lim m{Bf) = 0 such that 

~ r^oo 

/rifc / weakly in L^{E \ P^, m) 

/c—>-oo 


for every fixed r > 1. 

A. 3 Komlos lemma (cf. |Ko 6 7] I Let {Q,P,m) be a finite positive measure space and 
(/n)n>i be a bounded sequence in L^{m). Then there exist a function f G L^{m) and a 
subsequence {fn,,)k>i such that 

1 ^ 

/rife —^ / almost surely. 
iV N^ca 

k=l 

Moreover, the subsequence (/nj,)fc>i can be chosen in such a way that its further subse¬ 
quence will also satisfy (a.l). 


(a.l) 
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